
The Niels Henrik Abel mathematics
competition: Final 2022–2023

7 March 2023 (English)

In the final round of the Abel contest there are four problems (eight sub-
problems) to be solved in four hours. You are required to justify your
answers. Start a new sheet of paper for each of the four problems.

You can score up to 10 points for each problem. The maximum score is
thus 40.

Allowed aids are writing paper, bilingual dictionaries, and writing tools
including compass and ruler, but not protractor.

Problem 1

a. In the triangle ABC , 𝑋 lies on the side BC , 𝑌 on the side CA, and 𝑍 on the
side AB with YX ∥ AB, ZY ∥ BC and XZ ∥ CA. Show that 𝑋, 𝑌, and 𝑍 are the
midpoints of the respective sides of ABC .

b. In the triangle ABC , points 𝐷 and 𝐸 lie on the side BC , with CE = BD.𝑀 is
the midpoint of AD. Show that the centroid of ABC lies on ME.

Problem 2

a. The sides of an equilateral triangle with sides of
length 𝑛 have been divided into equal parts, each of
length 1, and lines have been drawn through the points
of division parallel to the sides of the triangle, thus di-
viding the large triangle intomany small triangles. Nils
has a pile of rhombic tiles, each of side 1 and angles
60∘ and 120∘, and wants to tile most of the triangle us-
ing these, so that each tile covers two small triangles
with no overlap. In the picture, three tiles are placed
somewhat arbitrarily as an illustration. How many tiles can Nils fit inside
the triangle?

b. Arne and Berit are playing a game. They have chosen positive integers 𝑚
and 𝑛 with 𝑛 ≥ 4 and 𝑚 ≤ 2𝑛 + 1. Arne begins by choosing a number from
the set { 1, 2, … , 𝑛 }, and writes it on a blackboard. Then Berit picks another
number from the same set, andwrites it on the board. They continue alternat-
ing turns, always choosing numbers that are not already on the blackboard.
When the sum of all the numbers on the board exceeds or equals𝑚, the game
is over, andwhoever wrote the last number has won. For which combinations
of 𝑚 and 𝑛 does Arne have a winning strategy?
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Problem 3

a. Find all nonnegative integers 𝑛, 𝑎, and 𝑏 satisfying

2𝑎 + 5𝑏 + 1 = 𝑛! .

b. Find all integers 𝑎 and 𝑏 satisfying

𝑎6 + 1 ∣ 𝑏11 − 2023𝑏3 + 40𝑏 and

𝑎4 − 1 ∣ 𝑏10 − 2023𝑏2 − 41.

(Given integers 𝑢 and 𝑣, the notation 𝑢 ∣ 𝑣 means that there exists some
integer 𝑐 so that 𝑢𝑐 = 𝑣.)

Problem 4

a. Assuming 𝑎, 𝑏, and 𝑐 are the side lengths of a triangle, show that

𝑎2 + 𝑏2 − 𝑐2

𝑎𝑏
+ 𝑏2 + 𝑐2 − 𝑎2

𝑏𝑐
+ 𝑐2 + 𝑎2 − 𝑏2

𝑐𝑎
> 2.

Also show that the inequality does not necessarily hold if you replace 2 (on
the right hand side) by a bigger number,

b. Find all functions 𝑓∶ ℝ+ → ℝ+ satisfying

𝑓 (𝑓 (𝑥) + 𝑦) = 𝑓 (𝑦) + 𝑥 for all 𝑥, 𝑦 ∈ ℝ+.

(Here ℝ+ is the set of all real numbers 𝑥 > 0.)


