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Introduction

We interpreted the task, as we were to focus on finding the most numbers that can be written
as sums of consecutive integers, finding the patterns behind this and finding out which
numbers cannot be written as a sum of consecutive integers.

Furthermore, the task states we had to ask ourselves at least one question in addition to the
one we already have to answer.

The class was divided into groups of four-five people, and these groups wrote logs for use
when constructing the report.

Mathematical process

During our process of working with this task, our class utilized different kinds of methods to
reach our results. In the following section, we describe these methods and how we utilized
them to find our answers.

Chaotic trying

In the beginning of this process, we started out writing all the numbers of consecutive
integers we found in an unsystematic way. All the groups experimented on which method to
use. We started using tools to make this more approach systematic. The groups started out
only using a calculator. Later our teacher suggested we should also use other digital tools.

Table

The logs became quite chaotic, as our numbers and sums were written in no specific order.
Therefore we made a table where we wrote the numbers from one to fifty, and which of these
could be written as sums of two, three, four and five consecutive integers. This turned out to
be much more effective, and we started to see patterns between the number of consecutive
integers, and the gaps between the numbers which could be written as a sum of the same
number of consecutive integers.
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Excel

We constructed this spreadsheet (Fig. 2) by making column of consecutive integers and
adding these together. All the integers are in column A, so in column B we added A2+A3,
1+2, thus getting the answer 3 in cell B2. We then added A3+A4 in the cell underneath, and
so on and so forth. Then we did the same in column C, but this time we added A2+A3+A4.
We continued to do this until the spreadsheet had a respectable size, and then we made an
additional table at the side, showing how many ways each number can be written as a sum of

consecutive integers.
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To illustrate this, we used colour coding. The colour tells us about how many times the
number can be written as sums of consecutive integers. The numbers in pink can be written
as sums of consecutive integers one time, the numbers in purple two times, turquoise three,

orange four, five light green six light blue seven and dark blue nine times.
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Triangular numbers

Our teacher brought plastic pieces to the classroom, which some students laid out underneath
each other (See Fig. 3), with one additional piece in each row. When we looked at the figure

below, we saw similarities between triangular numbers and sums of consecutive integers.

Fig. 3

Supplementary questions we asked ourselves

We chose to ask ourselves; what is the pattern between the numbers that cannot be written as
a sum of consecutive integers? Moreover, what happens if we use negative numbers in
addition to the positive integers? The curiosity around negative numbers emerged when some

of our class started to experiment with consequences of using numbers below zero.
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Results

Negative numbers

As mentioned one of the supplementary questions we asked ourselves was what would
happen if we used negative numbers in addition to positive. Thus it is possible to write every

single number as a sum of consecutive integers, even negative numbers.
34+ (2)+(-1D)+0+14+2+3+4=4
((3)+ 2D+ (D)+0+1+24+3)+4=0+4=4

We see that by writing the same amount of negative and positive integers the majority of the
numbers equalize themselves and becomes zero. The next number added will be the sum of
these numbers. Thus it is possible to write every single number as a sum of consecutive

integers, even negative numbers.

Patterns in numbers that cannot be written as sums of consecutive positive

integers

In addition we wondered which numbers could not be written as a sum of consecutive
positive integers. We saw early on that some numbers, such as 4 and 16, could not be written
as a sum of consecutive integers. When we organized our numbers, we quickly saw the
pattern. As the row of numbers is 2, 4, 8, 16, 32 etc. we have to double the current number in
order to find the next. This would be equivalent to multiplying each number by two. As every
one of these numbers can be written as two times itself n times, they can all be expressed as
2",
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Patterns in numbers that can be written as sums of consecutive positive integers

During the process of organizing the sums, we also decided to search for patterns. We
quickly noticed that the gap between the numbers that can be written as a sum of consecutive
integers is the same as the amount of integers added. For example 1+2=3, and 2+3=5. We
discovered that if we add two integers, the difference between the sums is two. Later in our

work, we thought it was appropriate to create a formula in order to calculate a sum with ease.

n+(x-1)
Z k
k=n

The sum of k, where k goes from n to n+(x-1), n is the first number to be added, and x is the

This is the result:

number of integers to be added. By using this formula, we only have to put in two numbers,

and then we instantly get the sum of whichever consecutive integers we want.
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Odd numbers

As we discovered which numbers could be written as sums of consecutive integers, we
pursued to find out why every odd number can be written as a sum of consecutive integers.
Besides that, most of the odd numbers can be written as sums of three, four or more
consecutive integers. The reason all odd numbers can be written as a sum of consecutive
integers is a result caused by two consecutive integers, where every sum is an odd number.
Two consecutive integers will always result in an odd number. The reason is that two
consecutive integers will always include one even number and one odd number. When we
add these together, we get an odd number. When we take this information in addition to that
each sum of two consecutive integers increases with two each time, we have enough

information to conclude that all odd numbers can be written as a sum of consecutive integers.

Below is the formula we made to generalize how every odd number can be written as a sum
of consecutive integers, inspired by how every odd number (represented in the formula as

“n”) can be written as sums of two consecutive integers. This is the formula:

(g - 0,5) + (g + 0,5)
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Even numbers

While searching for patterns on how every even number could be written as a sum of
consecutive integers, we found a consistent pattern with the numbers that can be written as

three or four consecutive integers.

Fig. 4

Fig. 4 shows how sums of three and four consecutive integers creates a pattern that repeats
itself every twelfth number. Six of the numbers can be written as a sum of three or four
numbers, and six of them cannot be written like this. If we exclude the numbers that can be
written as sums of two consecutive integers, since we already found a pattern for odd
numbers, we are only left with two even numbers that cannot be written as three or four
consecutive integers every twelfth number. These numbers can either be written as sums of
different numbers of consecutive integers, or are binary and cannot be written as a sum of

only positive integers.
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Prime numbers

All prime numbers, except two, can be written as sums of consecutive integers. This is
primarily due to the fact that every prime number after two is an odd number. Since the prime
numbers after two can be written as a sum of consecutive integers and are odd numbers, we
can use the same explanation as we used to explain why odd numbers can be written as sums
of consecutive integers in “Odd numbers” above, to explain why the prime numbers over two

can be written as sums of consecutive integers.

Every prime number, except two, can be written as a sum of consecutive positive integers one
time, because the prime numbers can only be divided by themselves and one. The connection
behind the amount of odd divisors and the times a number can be written as a sum of

consecutive integers is written under “Numbers of factors”.

The formula we use for finding all prime numbers (excluding two, because it cannot be
written with only positive numbers) is the same as the formula we use for odd numbers,

because all the prime numbers over three are odd numbers. This is the formula:

(g - 0,5) + (g + 0,5)
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Triangular numbers

Triangular numbers are the numbers where the space between the numbers increase by one

for each number and can be illustrated in a triangular pattern. The triangular numbers up to
100 are the following:

1 36 10 15 21 28 36 45 55 66 78 91

If we use a picture of the figures the class made in addition to some colour coding, it is easier
to see the pattern between these numbers.

Fig. 5

12336410515621 728836945105511661278 1391

The gap between the numbers consistently rise by one each time. This fits the system of the

sums of consecutive integers where the first number in the sequence of numbers is one.
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1(1)
3(1 +2)
6(1+2+3)
10(1+2+3+4)
15(1+2+3+4+5)
21(1+2+3+4+5+6)
28(1+2+3+4+5+6+7)
36(1+2+3+4+5+6+7+8)
45(1+2+4+3+4+5+6+7+8+9)
55(1+2+3+4+5+6+7+8+9+10)
66(1+2+3+4+5+6+7+8+9+10+11)
78(1+2+3+4+5+6+7+8+9+10+11+12)

91(1+2+3+4+5+6+7+8+9+10+11+12 +13)

As the illustration shows, every triangular number can be written as a given sum of
consecutive integers. Funnily enough, the illustration looks like a triangle, this because the

last number you add together is the same as numbers of consecutive integers.
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Sum of the digits

Numbers which have digits that when added together make up the number 3, 6 or 9 can be
written as sums of consecutive integers. In this formula, a= a number with a sum of the digits

that equals three, six or nine:
a+3=b
(b—1)+b+(+1)

As an example, we use 3987. To prove that 3987 has a sum of the digits equal to three, six or

nine, we add the digits together like this.
3+49+8+7=27
2+7=9

If the first sum of the digits is a number with more than one digit, you add the new digits
together, and continue until you have a number with only one digit. Therefore, the sum of the
digits of 3987 is 9 (and not 27).

Now we try the formula with our number:

3987 +3 =1329
1329 -1+ 1329+ 1329+ 1

1328 + 1329 + 1330

As we proved with our number, where the sum of the digits is three, six or nine, and our
formula, every number where the sum of digits is three, six or nine, can be written as a sum

of consecutive integers.
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Multiplication table of three

We were trying to find a formula that shows how every number can be written as consecutive
numbers. We did not manage to create a formula that worked for absolutely every number,
but we manage to create a formula that works for the numbers in the multiplication table of

three, five, and seven (because of this, the next two paragraphs are strongly related to this)

N=A number in the multiplication table of three, five or seven

M=Multiplication table of the number we have chosen
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This is the first formula we created to find out how every number in the multiplication table
of three can be written as a sum of three consecutive numbers. We divided our starting
number by three to find three equal numbers. To make these consecutive, we subtracted one
from the first number, and added one to the last one. Since this formula was the first we
made, it is not as sophisticated as the others we made. You can clearly see all the different

parts in the formula.
N=(S-1)+S5+(E+1)

Unfortunately this formula can only be used with the numbers in the multiplication table of
three. See Fig.6 to 8 for illustration. The one below is more sophisticated, and can be used
with the multiplication table of five and seven in addition to three. We will try to explain the
function of every part of the formula. N is the sum we start with. It has to be a number in the

multiplication table of three, five or seven. We divide N by M, and get M equal sums which

is written as S. To get M consecutive integers, we add all the numbers from S — % (we do

this to get the lowest consecutive integer) to S + % (we do this to get the highest

consecutive integer). The sigma adds all the numbers from the lowest consecutive integer to

the highest consecutive integer. The sum of every part is always equal to N.

The formula underneath 1s a formula combined with both the less sophisticated and the

sophisticated formula. As always, every part 1s the equal to N.

M-1

Pua k= -1 +S+(S+1)

2

N=MS=Y"
k=S
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Multiplication table of five

The formula below follows the same principle as the less sophisticated formula for the

multiplication table of three. It uses five numbers instead of three. See Fig. 6, 9 and 10.

Fig. 9

*opooao@a

Fig. 6

3 - Fig. 10
N=E-2)+E-D+S+E+1)+(S+2)

As mentioned, the same applies to the exact same sophisticated formula as the multiplication
table of three. This is possible because the formula is made to fit the purpose of finding

consecutive integers in the multiplication table of three, five and seven. The explanation of
the formula can be found under Multiplication table of three.
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M-1
S+—=

N=MS = Z k=N
M-1

k=—s—

2
Below we combined the less complicated and the sophisticated formula

M-1
S+

N=MS = Z k=(E-2)+E-1D+S+E+1D+(5+2)

-1
k==3

Multiplication table of seven

Below is the less sophisticated formula for the multiplication table of seven.
N=E-3)+E-2)+E-D+S+S+D+E+2)+ (S +3)

For illustration, see Fig. 6, 11 and 12.

Fig. 11

Fig. 12

Fig. 6
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This is the exactly same formula that we made to find out how every number in the

multiplication table of three, five and seven.

L, M-1
.‘?‘+T
N=MS= k
. M=-1
k=S——3—
This 1s the combined formula:
_~;+—M2_1
N =MS = k
. M=1
k=5—"%—

=E-3N+E-2D)+E-D+S+S+D+(S+2)

Numbers of factors

When we were searching for sums of consecutive integers on the internet, we came across an
article about polite numbers. Unfortunately, this was a Wikipedia page (see Literature). In

this article, we found some information about odd factors and sums of consecutive integers.

A discovery we made there was how many different ways any given number can be written
as a sum of consecutive integers, was that the number of factors that each number had only
included odd numbers, including itself. If we take 45 as an example since it is the first
number that can be written as five sums of consecutive integers:

45-15-9-5-3
As we see, 45 has five factors including itself. If we compare our results here with our colour

coded Excel-table (see Fig. 2), we see that 45 is yellow, the colour of five sums.

Let us try another number like 28.
28-14-7-4
28 can be factorised into 28, 14, 7, 4 and 2. This is four numbers. If this were our answer, our

theory would be proved wrong, but if we now remove the even numbers, we are left with
seven, the only odd number, because 28 can only be written as a sum of consecutive integers

once.

This method can be used to find out how many times absolutely every positive integer can be

written as a sum of consecutive integers.
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Conclusion

The discoveries we made during our work with the task are the following:

We concluded that not all numbers are sums of positive consecutive integers, but if we

include negative numbers, every number can be written as such sums.

The binary numbers are the numbers that cannot be written as sums of consecutive integers,

but all the other numbers can be written at least one way.

We found a pattern with the sums of three and four consecutive integers that only leaves out

two even numbers every twelfth number.

All the odd and prime numbers from three can be written as sums of consecutive integers

with a specific and simple formula (the formula can work with the number 1 if we include 0).

The triangular numbers are the same as the numbers that can be written as consecutive

integers where the first number in the sequence of numbers is one.

Numbers with a sum of the digits equal to three, six or nine, can be written as a sum of

consecutive integers with the same formula.

We can write the numbers in the multiplication tables of three, five and seven, as sums of

consecutive integers with one formula.

You can find out how many times every number can be written as a sum of consecutive
integers by factorising it and counting how many factors the number have that is an odd

number.
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What this task has taught us

This task has taught us primarily to work together, but also a lot about how to present the
results we have found, and how to discover things on our own since it was little (to no)
information on the internet on the subject. Secondly, the class found it interesting to work
with a project task in the math classes. We have also learned many things about consecutive
integers and how to solve mathematical problems from the bottom. Finally, we have of

course developed our mathematical capabilities and language through this task.

Literature

The only usage of other sources than ourselves was under “Numbers of factors” where we
found inspiration on the Wikipedia page about polite numbers.

https://en.wikipedia.org/wiki/Polite number

Read and found: 18.05.2018
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